ABSTRACT. Let A be an abelian variety defined over a number field F . Suppose its dual abelian variety A ′ has good non-ordinary reduction at the primes above p. Let F∞/F be a Zp-extension, and for simplicity, assume that there is only one prime p of F∞ above p, and F∞,p/Qp is totally ramified and abelian. (For example, we can take F = Q(ζ p N ) for some N , and F∞ = Q(ζ p ∞ ).) As Perrin-Riou did in [9] , we use Fontaine's theory ([3]) of group schemes to construct series of points over each Fn,p which satisfy norm relations associated to the Dieudonne module of A ′ (in the case of elliptic curves, simply the Euler factor at p), and use these points to construct characteristic power series Lα ∈ Qp[[X]] analogous to Mazur's characteristic polynomials in the case of good ordinary reduction. By studying Lα, we obtain a weak bound for rank E(Fn).
A good place to start our discussion is Mazur's influential work on the rational points of abelian varieties over towers of number fields ( [8] ). Suppose A is an abelian variety 1 over a number field F , A has good ordinary reduction at every prime above p, and F ∞ is a Z p -extension of F (i.e., Gal(F ∞ /F ) ∼ = Z p ). First (Any attempt to reduce his immense work to two sentences should be resisted, and readers should understand that the author is only trying to describe how his work has influenced this paper.)
It means that we can use powerful tools of Iwasawa Theory. For example, if f (F ∞ /F, A) = 0 (which is true if A(F n ) χn and the χ n -part of the Shafarevich-Tate group X(A/F n )[p ∞ ] χn are finite for any n ≥ 0 and any character χ n of Gal(F n /F )), then A(F ∞ ) has a finite rank modulo torsions. (Torsions over F ∞ are often finite.) Regarding the rank of A(F ∞ ), now we have a stronger result for elliptic curves over Q by Kato ([4] ). However, we want to emphasize that Mazur's work and Kato's work have different goals and strengths.
Can we establish a result analogous to Mazur's for abelian varieties with good nonordinary reduction at primes above p? (See Section 2 for the discussion about reduction types. We will not treat bad reduction primes, which seem to require a very different approach except for multiplicative reduction primes.)
The answer is that it is not easy to do Mazur's work directly for non-ordinary reduction primes. The main problem seems to be that the local universal norms are trivial when the primes are non-ordinary.
One of the more successful strategies to overcome this difficulty is to construct a series of local points which satisfy certain norm relations associated with the Euler factor X 2 − a p (E)X + p. Rubin introduced the idea of ±-Selmer groups of elliptic curves ( [12] ). His method was to use the Heegner points as local points. Perrin-Riou ( [9] ) invented a way to construct such local points purely locally using Fontaine's theory of formal group schemes ( [3] ). Her brilliant idea was all but forgotten for a long time, but are getting more influential recently. (And, this paper owes much to her work.)
More recently, Kobayashi ([6] ) also constructed such local points of elliptic curves using a more explicit method, and demonstrated the potential that the theory for supersingular reduction primes can be as good as the theory for ordinary reduction primes.
Kobayashi assumed a p (E) = 0 for an elliptic curve E defined over Q (which is automatically true by the Hasse inequality if E has good supersingular reduction at p and p > 3). Sprung introduced a new idea, what he calls ♯/♭-Selmer groups for elliptic curves, which does not require a p (E) = 0 ( [13] ). His work has particular relevance to this paper because we are interested in the abelian varieties and elliptic curves over ramified fields. Even when we assume a p (E) = 0 or an equivalent condition, the assocaited formal groups behave as if a p is not 0 because the fields are ramified. We will make much use of his idea of the ♯/♭-decomposition in the second part.
Whereas our predecessors were concerned with abelian varieties over Q (and therefore formal groups defined over Q p ), we are concerned with abelian varieties defined over fields whose primes above p are ramified, which present new difficulties.
First (Section 4.3), we take an abelian variety A over a number field F , and let A ′ be its dual abelian variety. For simplicity, we assume there is only one prime p of F above p, and it is totally ramified over F/Q. We assume A ′ has good reduction at p. Suppose F ∞ is a Z p -extension of F such that p is totally ramified over F ∞ /F , and F ∞,p /Q p is abelian. For example, take F = Q(ζ p N ) for some N , and F ∞ = Q(ζ p ∞ ).
Suppose A ′ /F p has dimension 1. (Generalizing to higher dimensions may not be very hard.) Let
be the characteristic polynomial of the Verschiebung V acting on the Dieudonne module. For example, for an elliptic curve, that is simply X 2 − a p (E)X + p. Suppose that A ′ (F ∞,p ) tor is annihilated by some M ′ > 0. Then, we construct points Q(π N +n ) ∈ A ′ (F n,p ) such that we have
Fontaine's theory of finite group schemes ( [3] ) is instrumental in our construction, as it is in Perrin-Riou's work ( [9] ). As Perrin-Riou does, for each root α of H ∨ (X) with
] which is analogous to Mazur's characteristic polynomial f (F ∞ /F, A) except that it is not an integral power series unless v p (α) = 0.
Then, we can obtain the following bound for the coranks of the Selmer groups (and thus, for the ranks of A(F n )):
where
χn is finite for any n and any character χ n of Gal(F n /F ). Also note that rank(A(F n )) is bounded by corank Zp Sel p (A[p ∞ ]/F n ). In addition, we construct similar local points over the extensions F p ( p n √ π) (n ≥ 0) for any uniformizer π of F p (Section 4.2). On one hand, this construction is fully general. On the other hand, since
is not clear what we can do with it. (For instance, we cannot apply Iwasawa Theory to the points.) Furthermore, assuming additional hypotheses, and with the crucial help of Sprung's insight, we can establish an Iwasawa Theory that is more closely aligned with Mazur's theory. In Section 5, we take an elliptic curve E over F , and suppose E has good supersingular reduction at p (i.e., a p (E) is not prime to p).
We choose a logarithm l of E over F p and a generator m of the Dieudonne module of E, and write l = α 1 m + α 2 Fm for some α 1 , α 2 ∈ F p . We assume p| α2 α1 (Assumption 5.2). Also we assume Assumption 5.8, which is too technical to explain here, but is probably true in most cases.
One crucial step is that we modify our construction so that the resulting local points satisfy a finer norm relation (Proposition 5.11). Another crucial step is that like PerrinRiou, we construct p-adic characteristics, but this time, by applying an idea inspired by
Since these are integral, they are more analogous to Mazur's characteristic f (F ∞ /F, A), and it is likely that they have nice properties. They may not necessarily satisfy a control theorem in a literal sense, but nonetheless we manage to prove Proposition 5.16, by which we can obtain the following. 
χn is finite for all sufficiently large n and primitive characters χ n of Gal(F n /F ).
REDUCTION TYPES
In this short section, we discuss reduction types. For elliptic curves, what good reduction, good ordinary reduction, and good supersingular reduction mean is clear. Suppose an elliptic curve E is defined over a local field K. Then, we may suppose it has a minimal model over O K . LetẼ denote the reduced curve of the minimal model modulo m OK . We say E has good reduction ifẼ is non-singular (i.e., smooth). Furthermore, we say E has good ordinary reduction ifẼ is non-singular, andẼ[p] is non-trivial, and has good supersingular reduction ifẼ is non-singular, andẼ[p] is trivial. There are other equivalent definitions.
For general abelian varieties, it may be advantageous to use the Dieudonne modules to define reduction types. (There are other definitions, but the one using Dieudonne modules seems relatively simple.) Suppose G is a formal group scheme over O K where K is a local field. Let G /k be its reduction over the residue field k. If G /k is smooth, then we say G has good reduction. Assume G has good reduction, and let M be its Dieudonne moduleĈ W (R G /k ) where R G /k is the affine algebra that defines G /k , andĈ W denotes the completion of the co-Witt vectors. (See [1] , [2] , [3] , or Section 3.) The Frobenius F and the Verschiebung V act on M throughĈ W with FV = VF = p.
Let H(X) be the characteristic polynomial of F as action on M , i.e.,
Then, F is a topological nilpotent if and only if the roots of H(X) are non-units.
is the characteristic polynomial of V as action on M . We define the following terminology we will use in this paper. The last terminology is our own ad-hoc invention. Definition 2.1 makes it clear that in this paper, we assume F is a topological nilpotent, but this condition is used only in a minor way, and when we use that assumption, we will mention it.
FONTAINE'S FUNCTOR FOR RAMIFIED EXTENSIONS
Our primary reference is [3] Chapter 4. We will keep his notation wherever possible. Fontaine's book is out of print, and not many libraries have a copy. So, we will explain his work briefly. Let (a) K ′ : an extension over Q p (possibly ramified), (b) O K ′ : its ring of integers, (c) m: its maximal ideal, (d) e: the ramification index of K ′ .
Let k be the residue field of O K ′ , and let K be the fractional field of W = W (k), the set of Witt vectors of k. In other words, it is the maximal unramified extension of Q p contained in K ′ . Then, there is the p-th Frobenius σ on K. We let
where (a) F acts σ-linearly, and V acts σ −1 -linearly on W . In other words, Fa = σ(a) and
Fontaine found a way to describe G by linear algebra. More specifically, he can describe G completely up to isogeny (or, up to isomorphism if e < p − 1) by the Dieudonne module M , and the set L of its "logarithms", and his description is given by expressing the points of G by the linear algebra of L and M . Together, (L, M ) is called the Honda system of G.
We briefly summarize Fontaine's work: Let R be the affine algebra of G (i.e., G(g) ∼ = Hom(R, g) for any algebra g over O K ′ where Hom is the set of ring homomorphisms). Then, R k = R/mR is the affine algebra of the special fiber G /k . Set
whereĈ W is the functor of completed co-Witt vectors. Then, M = Hom(G /k ,Ĉ W ) ∼ = CW (R k ). Since the Frobenius F and the Verschiebung V act on CW by
F and V also act on M accordingly. For any algebra A over k,
Suppose N is a D k -module. Let N (j) denote the D k -module with the same underlying set N and action twisted by σ j . In other words, for n ∈ N (j) and λ ∈ W ,
. So, we can define the following maps:
is a natural map induced by the inclusion We define
and let
For j ′ > 0, we also define
and all a ∈ m · g. We will drop g from ω g if it does not cause confusion.
This group P ′ (g) is not indefinitely large. In fact, we have
197. It is easy to see ω g naturally extends to
and its kernel is
There is a natural map
. Thus, by Propositions 3.2 and 3.3, ω ′ g factors through
Recall that R is the affine algebra of G. Then, there is the coproduct map δ : R → R⊗ O K ′ R which induces the group operation of G.
Let P R be the R-module generated by a p n /p n for every a ∈ R and n ≥ 0. Let L be the set of a ∈ P R so that a ⊗ 1 − δ(a) + 1 ⊗ a = 0. In other words, L is the set of logarithms. It naturally satisfies L/mL
Fontaine defined the following functor G(L, M ):

Definition 3.4 ([3] Section 4.4). For an algebra g over O K ′ (i.e., g is a ring containing
) satisfying the following: x naturally induces a map
Then, (y, x) is a fiber product in the sense that x O K ′ and y are identical through
There is a natural map i G : G → G(L, M ), and also we can find a map in the reverse direction j G : G(L, M ) → G. These maps are not necessarily isomorphisms unless
for some t which depends on the ramification index e.
PERRIN-RIOU'S INSIGHT, AND WEAK BOUNDS FOR RANKS
In this section, we construct points of formal group schemes over local fields satisfying certain norm relations. The local points we construct are analogous to the points that Perrin-Riou constructed ( [9] ), and indeed, this section is an effort to find a way to make her idea work for group schemes defined over ramified fields. As in her work, Fontaine's functor ( [3] , and also [1] , [2] ) plays a central role, but we need a functor defined for group schemes over ramified fields. There is a brief discussion about the functor in the previous section (Section 3). And then, again following Perrin-Riou, we construct power series analogous to Mazur's characteristic polynomials of the Selmer groups. Our power series have limited utility unlike Mazur's characteristics because they are not integral. Nonetheless, they give a bound for the coranks of the Selmer groups (thus a bound for the ranks of the Mordell-Weil groups).
Constructing the Perrin-Riou local points. Suppose
By local class field theory, it is given by a Lubin-Tate group of height 1 over Z p . In other words, there is ϕ(
Remark 4.1. We can also study a more general case where k ∞ /Q p is "merely" ramified (rather than totally ramified). It can certainly be done as the author did in a different context and for a different problem in [5] . The notation will become much more complicated.
We let G be a formal group scheme over O K ′ such that its reduced group scheme G /k (i.e., the special fiber) is smooth (therefore, G has good reduction).
As in section 3, we set M = Hom(G /k ,Ĉ W ), which is a D-module, and define L as we did in Section 3. In addition, we assume
This assumption will make our work much simpler.
Remark 4.3. Even though the author has not thought much about it, the case where the dimension of G is not 1 may not be so difficult. We only need to consider multiple logarithms.
Also, we assume Clearly, the case where G has good ordinary reduction is covered well by Mazur's work ( [8] ).
Since we always assume that F acts on M as a topological nilpotent, M can be consid-
We set
are Z p -linearly independent, and generate M over Z p .
Remark 4.5. In fact, this seems to be the only place in this section where we use the condition that F is a topological nilpotent.
We may also choose an
We let
then formally we haveH
.
which is generated by
] is a lifting of a n ). (3) Let ϕ be an operator on P given by 
Proof. First, we need to show l(X) is well-defined. Because G has supersingular reduction,
Thus, l(X) is well-defined (i.e., the infinite summation which defines l(X) is convergent). Then, we check
Since F is a topological nilpotent, p|a 0 , thus
We can write
Proof. We need to show it is a fiber product in the sense of Definition 3.4. We let x also denote the extended map x :
, and our claim follows.
For simplicity, let Tr n/m denote Tr
Proposition 4.10. Modulo torsions, we have
. Thus, we only need to show the identity of the L-parts. First, we find
Then, we can also find
We recall that
, thus from the definition of ǫ, we have
Thus, we have
Similarly, we check the following: For 0 < i < d,
Then, we have
and by repeating the argument used above, we obtain an identity analogous to (1) . Recall
from Notation 4.8. By the above discussion, we have
and by extending it to L O K ′ -linearly, we obtain our claim.
Construction for Kummer Extensions. Now we define a slightly different operator
where σ is the p-th Frobenius map mentioned earlier (actually, σ acts trivially on Z p , so the action of ϕ on Z p is purely symbolic.) Notation 4.11.
(1) K ′ is a totally ramified extension of Q p , and
Choose a uniformizer π of K ′ , and choose π n for every n ≥ 0 such that
Supppose G is a formal group scheme of dimension 1 over O K ′ , its reduced scheme G /k over k = O K ′ /m is smooth (thus G has good reduction), and G has supersingular reduction. We recall from Section 3 that a Honda system (M, L) is attached to G.
Like Section 4.1, we choose an
for some α (ij) k ∈ K ′ . Again, similar to Section 4.1, we define Notation 4.12.
Proof. See Proposition 4.7.
Now, we choose a lifting
) of x as follows:
Notation 4.14.
(1) Define a liftingx ∈ Hom Zp (M, P) of x bỹ
We note
Tr n/n−1 π i n = 0 for all n > 0 (2) for i ≤ e because e < p. 
Proof. This is similar to Proposition 4.10 in Section 4.1, so we will provide only a brief proof.
Thus by applying Tr n−1/n−d to it, we have
Similar to Proposition 4.10, we obtain our claim.
The problem is that we do not know whether these points are useful or not. The extension
The Perrin-Riou characteristics, and weak bounds for ranks.
In this section, we apply the construction in Section 4.1. As in that section, we suppose k ∞ /Q p is a totally ramified normal extension with Gal(k ∞ /Q p ) ∼ = Z × p . By local class field theory, it is given by a Lubin-Tate group of height 1 over Z p . In other words, there is
where ϕ(π n ) = π n−1 (π n = 0 for n > 0, π 0 = 0).
We let F be a number field, F ∞ be a Z p -extension of F (i.e., Gal(F ∞ /F ) ∼ = Z p ), A be an abelian variety over F , and A ′ be its dual abelian variety over F so that there is a non-degenerate Weil pairing e n : A[n] × A ′ [n] → Z/nZ for every integer n, which is non-degenerate and commutative with the action of G F . Let T = T p A, and let A def = lim − → T/p n T. In this section, we suppose there is only one prime p of F above p, p is totally ramified over F/Q, p is totally ramified over F ∞ /F , F ∞,p = k ∞ , and F p = Q p (π N ) for some N ≥ 1.
Let G/O Fp denote the formal completion of A ′ /F p . As in Section 4.1, we assume G has dimension 1, which means that the group of its logarithms has rank 1 over O Fp .
Example 4.16. An obvious example that satisfies all these conditions is an elliptic curve E defined over Q(ζ p N ) with good supersingular reduction at the unique prime p above p.
We recall the points P (π n ) ∈ G(M, L)(m Qp(πn) ) constructed in Section 4.1.
Assumption 4.17. There is
This assumption is obviously true if G(O k∞ ) tors is finite. 
Definition 4.18. (a) Let M be the Dieudonne module Hom(G /Fp ,Ĉ W ), and L be the set of logarithms of G as defined in Section 3. (b) As in Section 4.1, we set
H(X) = det Zp (X · 1 M − F|M ) = X d + a d−1 X d−1 + · · · + a 0 ∈ Z p [X], andH (X) def = H(X) a 0 = 1 + a 1 a 0 X + · · · + a d−1 a 0 X d−1 + 1 a 0 X d = 1 + b 1 X + b 2 X 2 + · · · + b d X d .
Definition 4.19. From Section 3, recall that there is a natural map i
G : G → G(L, M ), and a map j G : G(L, M ) → G so that i G • j G = p t , j G • i G = p t for(π N ) : Q p ] = [F p : Q p ], let {π N,1 , · · · , π N,e } = {π σ N } σ∈Gal(Qp(πN )/Qp) . (b) Then,
for every n > N and for each
i = 1, · · · , e, choose π n,i so that ϕ(π n,i ) = π n−1,i . (c) For i = 1, · · · , e, Q(π N +n,i ) = M ′ · i ′ • j G (P (π N +n,i )) ∈ A ′ (F n,p ).
Proposition 4.20. For every n ≥ d, we have
Proof. Note that M ′ annihilates every torsion of G(O F n−d,p ). Thus, the claim follows immediately from Proposition 4.10.
Definition 4.21 (Relaxed Selmer groups). Where L is a number field,
In fact, when G L un v acts trivially on A (i.e., good reduction at
(Local conditions for a finite number of primes not above p do not affect our result.) Set
where the last isomorphism is (non-canonically) given by choosing a topological generator γ of Γ, and set γ = X + 1.
Assumption 4.22. Let M ∨ denote the Pontryagin dual Hom(M, Q/Z). We assume
If dim G is not 1, then we probably need to multiply it to e in Assumption 4.22. We can show Assumption 4.22 is true if Sel(A/F ) or Sel(A/F n ) χ for some primitive character χ of Gal(F n /F ) is finite. Although there are some notable counterexamples to this assumption (for instance, when F ∞ is the anti-cyclotomic extension), for all intents and purposes, it is a safe assumption. Let
If we assume Assumption 4.22, then there is a short exact sequence
for a finite group C.
Notation 4.23.
(1) For each n ≥ 0,
(2) For a group M on which Γ acts,
Equivalently, where γ is a topological generator of Γ,
Lemma 4.24. Suppose there is an exact sequence of Λ-modules
and A 1 and A 4 are finite. Then, for every n, the orders of the kernel and cokernel of
Proof. The exact sequence induces two short exact sequences
which in turn induce
Our claim follows immediately.
It is not difficult to show
has bounded kernel and cokernel for every n. For the sake of argument, we assume it is an isomorphism, which will not hurt the integrity of our argument.
The map in (3) induces the following:
by the above assumption. We note that there is a map
given by the local Tate duality which states that A ′ (F n,p ) is the Pontryagin dual of
Definition 4.25. (a) Let
R(π N +n,i ) ∈ Λ e n be the image of Q(π N +n,i ) under α ′ n • β n . (b) Let Proj m n be the natural projection from Λ m to Λ n (m ≥ n). Let H ∨ (X) = X d + pb 1 X d−1 + p 2 b 2 X d−2 + · · · + p d b d = 0
. By Proposition 4.20 we have
for each i.
Here we recall Perrin-Riou's lemma: In the following Λ α is the set of power series
n | for some fixed C > 0 for every n ≥ 1 and x ∈ C p with |x| < |1/ p n √ p|. 
Lemma 4.26 ([9] Lemme 5.3.). Let R(T ) =
Then, for every root α of R(T ), there is unique f α ∈ Λ α so that for some fixed constant c,
for every n.
Proof. Simple linear algebra. See [9] .
Since we assume F is a topological nilpotent on M , all the roots of H ∨ (X) = 0 have p-adic valuation less than 1.
Thus, by Lemma 4.26 and (4), for each root α of H ∨ (X), there is f α,i ∈ Λ e α associated to {R(π N +n,i )} n .
Definition 4.27. Choose a generator g tor ∈ Λ of the characteristic ideal of (Sel
Suppose χ n is a primitive character of Gal(F n /F ), and ζ p n = χ n (γ). Suppose g tor (ζ p n − 1) = 0 (true if n is large enough). Then, we can see that
And, in such a case,
Consider the following Perrin-Riou's lemma. In other words, s m = λm + O(1) if f = 0. She assumed 0 ≤ λ < 1. But, in fact, since we assume F is a topological nilpotent, λ < 1, so that condition is unnecessary.
We can modify Perrin-Riou's proof slightly, and obtain the following:
bounded by the number of roots of L α (counting multiplicity).
Proof. Let t n be the number of the primitive p n -th roots of unity which are roots of L α . By applying Perrin-Riou's proof for the above lemma, we get m≤n t m < eλn + O(1).
Then we obtain our claim by (5) .
If α is a unit, then L α is integral, so it has a finite number of roots. Thus, (b) is clear.
This is a rough bound unless H ∨ (X) has a unit root (i.e., unless the abelian variety has good "in-between" reduction). Probably it is possible to obtain a slightly better bound (ideally, something like "e(p − 1) × {p n−1 − p n−2 + · · · }"), but not a substantially better one from L α alone, because any power series in Λ α has an infinite number of roots. (For example, see R. Pollack's log ± p , [10] ). Thus, we need a new tool, and perhaps a new Selmer group. There is precisely such a tool in Sprung's ♯/♭-decomposition theory ( [13] ), and we will present our result in that direction in the next section.
Lastly, we want to discuss how Perrin-Riou obtained the result that rank E(Q(µ ∞ )) is bounded. As stated above, it does not seem possible to obtain a finite bound from L α alone. However, she noted that her points P n ∈ E(Q p,n ) satisfy
This is more sophisticatead than the relation Tr Qp,n/Qp,n−2 P n −a p Tr Qp,n−1/Qp,n−2 P n−1 + pP n−2 = 0. She used these relations skilfully to obtain her result. Indeed, with the benefit of hindsight, we now know that recognizing such relations is the first step of the ±-Iwasawa Theory, the ♯/♭-Iwasawa Theory, and so on.
In fact, in the next section, we will construct points satisfying relations analogous to (6) , and use them to find a finite bound for E(F ∞ ) where F is ramified under some conditions. But, because the field is ramified, the relation will be given by matrices which vary depending on n.
REFINED LOCAL POINTS, SPRUNG'S ♯/♭-DECOMPOSITION, AND FINITENESS OF RANKS
In this section, we consider only elliptic curves for simplicity. Take an elliptic curve E over a number field F . Except that, our setting is the same as Section 4.3. But for readers' convenience, we will repeat our conditions and assumptions.
As in that section, we suppose
where ϕ(π n ) = π n−1 (π n = 0 for n ≥ 0, π 0 = 0). (2) We let F be a number field, and F ∞ be a Z p -extension of F . Since E is an elliptic curve, its dual abelian variety is itself. Let T = T p E, and let
We suppose there is only one prime p of F above p, p is totally ramified over
). And, we set
We assume E has good supersingular reduction at p.
Fontaine's functor (revisited), and our assumptions.
Let G be the formal group scheme given by the formal completion of E/F p , and let M be the Dieudonne module of G /Fp , and L be the set of logarithms of G. As in earlier sections, we choose a
Let A ′ denote O Fp , and let m denote its maximal ideal. Let e be the ramification index of F p . (Since it is totally ramified, e = [F p : Q p ].) Recall that M A ′ is the direct (i.e., injective) limit of
where I 0 is the set of (i, j) ∈ Z × Z so that j ≥ 0, and
with maps ϕ i,j , f i,j , and v i,j between m i ⊗ M (j) 's. Note that there is s so that p s − (s + 1)e ≤ p j−1 − je for every j ≥ 1.
There is a map
which is well-defined, and its cokernel is finite. If
Then we can write
Doubtlessly, some formal groups associated to elliptic curves satisfy this condition, and many others do not. In fact, α2 α1 can have a negative p-adic valuation, although it is bounded below, and the bound depends on e.
Also we assume 
Similar to Section 4.1 but slightly differently, we define the following.
Definition 5.5.
(1)
We define the following functor.
Definition 5.6. We let
which naturally induces u
Then, define (a) We can choose an
A ′ -generator l ′ of L ′ ,
and write it as
and extend A ′ -linearly. (b) Then, we set
(2) Then, for every n ≥ N and i = 1, 2, · · · , e, we obtain points
We make the following assumption analogous to [6] Proposition 8.12 (ii).
We can apply the proof of [6] to this assumption certainly in some cases. We hope we can in most cases.
Definition 5.9. We define a map
We also define:
and an embedding i : G → E.
We define
for every n ≥ N and i = 1, 2, · · · , e. . . .
where A n−1 is an e × e matrix with entries in
, and A ′ n−1 is an e × e matrix also with entries in
Proof. As in the proof of Proposition 4.10,
On the other hand, again as in the proof of Proposition 4.10,
In other words,
modulo torsions for some a n−1,ij , a
. Then, by (7), (8) , and (9),
where B n−1 , B ′ n−1 are the matrices that appear in (9) . Since L ′ is one-dimensional, this implies an analogous identity for the y-part of P ′ (π n,i )'s, therefore an analogous identity for P ′ (π n,i )'s holds modulo torsions.
, we obtain our claim because p M annihilates the torsions.
This relation is finer than the one used in Section 4.3, and we will adopt Sprung's insight of ♯/♭-decomposition to produce the characteristics L ♯ , L ♭ which are integral power series, which make a big difference between this section and the previous one.
Recall that e = [F p :
As in Section 4.3, we assume
It is not difficult to prove this assumption when Sel p (E[p ∞ ]/F n ) χn is finite for some n and a character χ n .
Also as in Section 4.3, we let
As Section 4.3, there is
It is often true that
is an isomorphism, and even when it is not, its kernel and cokernel are bounded, so are easy to deal with. In this section, for convenience, assume it is an isomorphism for each n. The above short exact sequence induces
e of R(π N +n,i ) for each n. Our result will not depend on the choice ofR(π N +n,i ). Let
We consider Φ n and ω n as
We note Φ n = σ∈Ker(Γn→Γn−1) σ (mod ω n ).
Proposition 5.13.
Proof. This follows immediately from Proposition 5.11. Proof. First, we show the following:
Definition 5.14. We choose liftingsÃ
Let c n+1 = R N +n+1 , d n+1 = R N +n , and
We prove it inductively as follows:
Step 1. By the definition of c n+1 and d n+1 , the claim is true for i = n + 1.
Step 2. Suppose the claim is true for c i+1 , d i+1 . Then,
By the induction hypothesis and Proposition 5.13, we have
Second, we show the following: By the above, for any m ≥ n,
e n for every 1 ≤ i ≤ n. For our immediate purpose, we devise the following way of counting the number of divisors of elements of M e (Λ). If f = p or f = Φ i for some i, and f |a ∈ M e (Λ), we say f is a divisor of a. Any other irreducible polynomial that divides a is ignored in our way of counting. To define the number of divisors of a, we count p any number of times that p divides a (for example, if p k |a, then p is counted k times towards the number of divisors), but we count each Φ i that divides a only once (for example, if Φ k i |a, then Φ i is counted only once towards the number of divisors). For example, if p 3 (X 2 + 2)|a ∈ M e (Λ), then a has at least 3 divisors (p is counted 3 times, and X 2 + 2 is not counted), and if pΦ If a = a i for some a i ∈ M e (Λ) with each a i having at least k divisors, we say a is a sum of elements, each of which has at least k divisors.
Suppose e i+1 is a sum of elements, each of which has at least n i+1 divisors, and suppose e i is a sum of elements, each of which has at least n i divisors. And, suppose ω i+1 |e i+1 and ω i |e i . Then,
Φi e i+1 and p ΦiÃ N +i e i are respectively a sum of elements, each of which has at least n i+1 − 1 divisors, and a sum of elements, each of which has at least n i divisors. Both are divisible by ω i−1 . Thus, e i−1 is a sum of elements, each of which has at least min(n i+1 − 1, n i ) divisors, and is divisible by ω i−1 .
Since ω n+1 |e n+1 and ω n |e n , it is not difficult to see that e 1 and e 0 are sums of elements, each of which has at least n/2 divisors.
For
( * indicates any element). Thus, it follows that
so L n,m converges to 0 uniformly as n, m → ∞. Thus, we obtain our claim.
In the proof of Proposition 5.15, we see that there are R (m) N +n | X=ζ p n −1 = R N +n | X=ζ p n −1 . Then, naturally we would hope for the following: Let χ be a finite character of Γ satisfying χ(γ) = ζ p n . We may also consider it as a character of Gal(F n /F ). It is not hard to see that assuming S for some a, b with v p (a), v p (b) < p/(p−1) 2 , and if n is even, it is congruent to 0 aI e bI e 0 .
Then, in case (a), aL ♯ (ζ p n −1) ≡ R N +n (ζ p n −1) (mod p T ), and in case (b), aL ♭ (ζ p n − 1) ≡ R N +n (ζ p n − 1) (mod p T ). If n is sufficiently large, v p (a e L ♯ alg (ζ p n − 1)) < T and v p (a e L ♭ alg (ζ p n − 1)) < T respectively by our assumption, thus det(R N +n (ζ p n − 1)) ≡ 0 (mod p T ), and also S χ tor is finite for a sufficiently large n. Thus our claim follows. χ is finite for all sufficiently large n, and every primitive character χ of Gal(F n /F ).
We note that it is often relatively easy to show that E(F ∞ ) has a finite number of ppower torsions.
5.3. Appendix: Sprung's ♯/♭-Selmer groups.
Even though we do not use them in this paper, using the points constructed in Section 5.2, we can construct Sel (1) Let (·, ·) N +n denote the following pairing given by the local class field theory:
Recall Γ n = Gal(F n /F ) ∼ = Gal(Q p (π N +n )/Q p (π N )), Γ = lim ← − Γ n , and
t ∈ E(Q p (π N +n )) e , Similar to Proposition 5.15, we can show Col ♯ (z), Col ♭ (z) ∈ Λ e . We omit its proof.
